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Abstract: Large amounts of acidic waste are produced 
on the industrial scale during hydrolysis of partially 
amorphous cellulose to produce microcrystalline cellu-
lose (MCC). The essential disposal and treatment of this 
highly acidic liquid wastes the acid feedstock and incre-
ases the production cost. To maximize the use of acid 
without sacrificing the MCC product quality, this project 
reports a successful attempt to recycle the acid hydroly-
sis waste liquid, focusing on the impact of waste recyc-
ling on MCC morphology and reducing sugar in the hyd-
rolysate. The results showed that when the waste liquid 
is recycled 1-5 times, no metal accumulation occurred 
while cellulose particles remained intact, maintai-
ning their shape and size. Their extent of crystallinity 
remained nearly constant, even increasing slightly 
with up to three cycles. The concentration of reducing 
sugar showed growth when recycling the waste liquid 
up to three times, although not quite to the levels that 
would allow for its cost-effective fermentation. The acid 
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Abstract: Let F denote a eld and let V denote a vector space over Fwith nite positive dimension. Consider
a pair A, A∗ of diagonalizable F-linear maps on V, each of which acts on an eigenbasis for the other one in an
irreducible tridiagonal fashion. Such a pair is called a Leonard pair. We consider the self-dual case in which
there exists an automorphismof the endomorphismalgebra ofV that swapsA andA∗. Such anautomorphism
is unique, and called the duality A ↔ A∗. In the present paper we give a comprehensive description of this
duality. Inparticular,wedisplay an invertibleF-linearmap T onV such that themap X → TXT−1 is theduality
A ↔ A∗. We express T as a polynomial in A and A∗. We describe how T acts on 4 ags, 12 decompositions,
and 24 bases for V.
Keywords: Leonard pair, tridiagonal matrix, self-dual
Classication: 17B37, 15A21
1 Introduction
Let F denote a eld and let V denote a vector space over F with nite positive dimension. We consider a
pair A, A∗ of diagonalizable F-linear maps on V, each of which acts on an eigenbasis for the other one in an
irreducible tridiagonal fashion. Such a pair is called a Leonard pair (see [13, Denition 1.1]). The Leonard pair
A, A∗ is said to be self-dual whenever there exists an automorphism of the endomorphism algebra of V that
swaps A a d A∗. In this case such an automorphism is unique, and called the duality A ↔ A∗.
The literature containsmany examples of self-dual Leonardpairs. For instance (i) the Leonardpair associ-
atedwith an irreduciblemodule for the Terwilliger algebra of the hypercube (see [4, Corollaries 6.8, 8.5]); (ii) a
Leonard pair of Krawtchouk type (see [10, Denition 6.1]); (iii) the Leonard pair associatedwith an irreducible
module for the Terwilliger algebra of a distance-regular graph that has a spin model in the Bose-Mesner alge-
bra (see [1, Theorem], [3, Theorems 4.1, 5.5]); (iv) an appropriately normalized totally bipartite Leonard pair
(see [11, Lemma 14.8]); (v) the Leonard pair consisting of any two of a modular Leonard triple A, B, C (see [2,
Denition 1.4]); (vi) the Leonard pair consisting of a pair of opposite generators for the q-tetrahedron alge-
bra, acting on an evaluationmodule (see [5, Proposition 9.2]). The example (i) is a special case of (ii), and the
examples (iii), (iv) are special cases of (v).
Let A, A∗ denote a Leonard pair on V. We can determine whether A, A∗ is self-dual in the following way.
By [13, Lemma 1.3] each eigenspace of A, A∗ has dimension one. Let {θi}di=0 denote an ordering of the eigen-
values of A. For 0 ≤ i ≤ d let vi denote a θi-eigenvector for A. The ordering {θi}di=0 is said to be standard
whenever A∗ acts on the basis {vi}di=0 in an irreducible tridiagonal fashion. If the ordering {θi}di=0 is standard
then the ordering {θd−i}di=0 is also standard, and no further ordering is standard. Similar comments apply to
A∗. Let {θi}di=0 denote a standard ordering of the eigenvalues of A. Then A, A∗ is self-dual if and only if {θi}di=0
is a standard ordering of the eigenvalues of A∗ (see [7, Proposition 8.7]).
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amount to be dded at the start of each cycle was near 
50% of that used on the first stage.
Keywords: acid hydrolysis; waste liquid; recycling; 
microcrystalline cellulose
1  Introduction
Microcrystalline cellulose (MCC) is an important plant 
based powder material, which is produced from biomass 
by dilute acid hydrolysis. It has been widely used in 
medicine, food, cosmetic, leather and many other 
industries as functional additives because of its high 
crystallinity, high flowability and low water solubility 
[1–4]. MCC is a purified partially de-polymerized 
crystalline polymer. Acidic treatment of purified 
cellulose under well-specified conditions hydrolyzes 
only the amorphous areas of this polysaccharide while 
the crystalline domains remain intact [5]. However, 
a large amount of acidic waste is produced during the 
MCC production p ocess by acid hydrolysis method. The 
acid hydrolysis step produces large amounts of waste 
liquid, which contains mainly the added acid, along 
with reducing sugars and other cellulose degradation 
components. A direct discharge of this waste liquid to 
the environment would result in water and soil pollution, 
primarily due to high acidity. Thus, industrial production 
lines typically use NaOH or Ca(OH)2 to neutralize the waste 
stream, then transferring it to a wastewater treatment 
facility. This treatment wastes significant amounts of 
acid and, at the same time, discards potentially useful 
organic compounds, as the Chemical Oxygen Demand 
(COD) con e t of such wastewater r mai s high after the 
acid neutralization [6,7]. 
If the waste liquid could be recycled, not only the 
environmental impact but also acid usage and neutralization 
costs would be reduced, with potential utilization of the 
accumulated sugar. Sarma et al. applied a combination of 
membrane technology and activated carbon (AC) adsorption 
to remov  both reducing sugars and carbohydrate oligomers 
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from waste liquid followed by a re-use of the resulting 
sulfuric acid containing liquid [8]. Strathmann proposed 
a partial acid recovery with a cation selective membrane 
after hydrolysis of lignocellulose with sulfuric acid, while 
the other part was converted to SOx gas and subsequently 
to sulfuric acid. However, membrane based technologies, 
though featuring effective acid separation, require 
significant investments and logistical support [9,10]. 
It is of note that the acid hydrolysis waste liquid 
obtained as a result of MCC preparation has a relatively high 
acid and low organic solid content. Thus, we postulated 
that direct recycling of the waste liquid can be applied to 
re-use the acid, without a damaging effect of by-products, 
as long as the number of cycles is limited. However, no 
direct recycling of waste liquid during MCC production has 
been reported to date, apparently due to the well-known 
side reactions caused by products of cellulose degradation. 
Therefore in this project we have tested this hypothesis by 
recycling the waste liquid several times in a lab-scale reactor 
while adding only a fraction of fresh acid at the start of each 
cycle except for the starting stage. The effects of the number 
of acid hydrolysis waste liquid cycles were assessed on 
cellulose microfibril morphology, particle size distribution, 
crystallinity, yield and thermogravimetric curves. At the 
same time, changes in the reducing sugar concentration 
in waste liquor were monitored to explore whether this 
potential value-added product could be accumulated and 
used for ethanol production via fermentation.
2  Materials and methods
2.1  Raw materials and chemicals
Eucalyptus dissolved pulp was provided by Shandong 
Bapubeibo Pulp and Paper Co., Ltd (Shandong, China). 
Please not the raw materials for preparation of MCC are 
not limited to the dissolving pulp. Dissolving pulp was 
used in this study and its technical quality parameters are 
shown in Table 1. 
37% concentrated hydrochloric acid was purchased 
from FuChen Chemical Reagent Factory (Tianjin, China). 
The copper ethylenediamine solution was purchased from 
China National Pulp and Paper Research Institute (Beijing, 
China). All the chemicals were of analytical grade.
2.2   Preparation of acid hydrolyzed cellulose 
using recycled waste liquid 
Dissolved pulp made of Eucalyptus was hydrolyzed using 
either fresh hydrochloric acid or hydrolysis waste liquid, 
which was circulated for 1 to 5 times. The acid hydrolysis 
experimental conditions were set up based on our previous 
research. 50 g of Eucalyptus dissolved pulp (oven dried 
weight) in 750 mL of a 2.5 M hydrochloric acid solution were 
placed into a KQ2200 ultrasonic cleaner (Kunshan City, 
China Ultrasound Instrument Co., Ltd.) with the ultrasonic 
power set at 80 W. Hydrolyzed cellulose was obtained by 
sonicating the reaction mixture at 80°C for 50 min, then 
the mixture was filtered and separated to obtain the liquid 
acid waste and solid hydrolyzed cellulose. Solid hydrolyzed 
cellulose was washed using deionized water to neutral pH 
and stored for further experiments. The entire amount of 
acid waste liquid was recycled for subsequent cellulose 
acid hydrolysis experiments, with the addition of some 
fresh acid to make up the acid loss during reaction. The 
yield of acid hydrolyzed cellulose was calculated by Eq. 1:
= ×Yield
Dryweightof hydrolyzedcellulose (g)
Dryweightof celluloserawmaterial (g)
100%  (1)
2.3   Analysis and characterization of acid 
hydrolyzed cellulose
A HITACHI S-4800-type cold field emission scanning 
electron microscopy - energy dispersive spectrometer 
(Japan Hitachi) was used to measure the morphology and 
residual metal content of the hydrolyzed cellulose. The 
average particle size and particle size distribution of the 
hydrolyzed cellulose were analyzed using a Mastersizer 
2000 laser particle size analyzer (Malvern Instruments 
Ltd., UK). The thermal stability of hydrolyzed cellulose 
was measured by a Bruker STA449F3 TG-DSC synchronous 
thermal analyzer (NETZSCH, Germany). The scanning 
temperature range was 35 ~ 700°C and nitrogen was used 
as an inert gas. The heating rate was 10°C/min.
The crystallinity of hydrolyzed cellulose was measured 
using a D/max 2200PC X-ray diffractometer (XRD) (Rigaku, 
Japan). The samples were freeze-dried at –50°C for 24 h. The 
crystallinity test conditions were as follows: the maximum 
Table 1: Eucalyptus dissolved pulp quality parameters.
α-cellulose content % Degree of polymerization Degree of crystallinity % Whiteness % ISO Ash content %
92.66 661 58.92 86.3 0.08
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tube voltage 60 kV, maximum tube current 80  mA, Cu Ka 
radiation (λ = 0.1518 nm), Ni filter, diffraction angle 2θ scan 
range 6-50°, scanning speed 2°/min. The sample crystallinity 
was calculated according to Eq. 2 [11–13].
Crystallinity I I
I
100%Am002
002
=
−
× (2)
where I002 is the diffraction intensity at a diffraction 
angle of 2θ = 22.5° and IAm is the diffraction intensity at a 
diffraction angle of 2θ = 18.0°.
2.4   Sugar, acid and metal content analysis 
in waste liquid
The reducing sugar content in the acid waste liquid was 
measured by the DNS method using a Model 722N visible 
spectrophotometer (Shanghai Jingke Instrument Co., Ltd., 
China) [14]. The metal ion concentrations was determined 
by the analysis of EDS spectra. The amount of acid was 
assessed by titration. The amount of fresh acid to be added 
at the start of each cycle was calculated as the difference 
between the initial and remaining acid amounts.
The error bars shown in Figures represent one 
standard deviation, indicating our experimental data 
have good repeatability. 
3  Results and discussion
3.1   Microscopic morphology of hydrolyzed 
cellulose after several waste liquid 
cycles
Figure 1 shows the SEM images of hydrolyzed cellulose 
after several waste liquid cycles. As can be seen in 
Figures  1a-d, the hydrolyzed cellulose morphology 
was mainly represented by short rod-shaped particles, 
similar to the data reported earlier [15,16]. Only relatively 
small changes were detected between different samples. 
For cellulose obtained by a single passage hydrolysis 
Figure 1: SEM image of hydrolyzed cellulose under different waste liquid cycles (a) uncycled (single passage), (b) recycled three times,  
(c) recycled five times, (d) an example of an agglomerated floccule.
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(uncycled), particles appeared slightly smaller (Figure 1a). 
After several cycles, the particle distribution became 
more uniform (Figure 1c). Perhaps, the most conspicuous 
change was observed concerning the agglomerated 
floccules, which appeared in all hydrolyzed cellulose 
products (Figure 1d). The number of such floccules 
consistently decreased with waste liquid recycling, 
becoming significantly less abundant after five cycles.
3.2   Effects of the number of waste liquid 
cycles on the average particle size and 
particle size distribution of hydrolyzed 
cellulose 
The obtained particle size distribution profiles are shown in 
Figure 2. The average particle sizes of all hydrolyzed cellulose 
samples, both without recycling and with a varied number 
of cycles, were similar, with a maximum near 27 μm, thus 
corroborating the microscopic observations. The particle size 
distribution of hydrolyzed cellulose showed polydispersity, 
with most of the particles being within a range of 15 to 
~ 50 μm. The difference in the size distribution between the 
recycled and non-recycled cellulose was not significant.
3.3   Effect of waste cycles on the crystallinity 
of hydrolyzed cellulose 
Figure 3 shows the X-ray diffraction pattern of hydrolyzed 
cellulose that underwent a varied number of waste liquid 
cycles. The diffraction peaks at diffraction angles (2θ) of 
15.3°, 18.2°, 22.8° and 34.7° correspond to the 101, 101, 002 
and 040 planes of cellulose crystals, respectively, and so 
these crystals can be assigned to typical cellulose type I [17–
21], having better mechanical properties than other cellulose 
types [22]. The pulp raw material featured the same peak 
positions as those of the original cellulose, regardless of the 
number of waste liquid cycles, indicating that the crystal 
structure of cellulose was not altered after acid hydrolysis, 
with the number of waste liquid cycles having no effect. 
Yet, the diffraction peaks at both the 101 and 002 crystal 
planes of the hydrolyzed cellulose obtained from the recycled 
waste liquid samples were stronger than those of both the 
raw material and the hydrolyzed cellulose treated only once, 
with fresh acid. The calculated degree of crystallinity of 
hydrolyzed cellulose based on the XRD patterns is shown 
in Figure 4, indicating an increase in cellulose crystallinity. 
Figure 2: Distribution of cellulose particle size under different 
waste liquid cycles.
Figure 3: XRD patterns of the raw material and hydrolyzed cellulose 
under a varied number of waste cycles.
Figure 4: Changes in the extent of crystallinity of hydrolyzed 
cellulose under a varied number of waste liquid cycles.
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This qualitative observation was confirmed with quantitative 
measurements. The degree of crystallinity increased slightly 
yet steadily with the number of waste liquid cycles and 
reached the highest value of 82.2% when the waste liquid 
was recycled three times, while it was 79.4% when hydrolyzed 
cellulose was prepared with fresh acid. 
However, when the number of cycles continued to 
increase further, the extent of crystallinity declined. After 
the fifth cycle, the crystallinity of hydrolyzed cellulose 
dropped sharply to 67.3%; this value failed to meet the 
requirement for MCC high crystallinity. Therefore to 
ensure the high quality of the final product, MCC, the 
waste liquid should be recycled only up to three times. 
3.4   Effect of the number of waste liquid 
cycles on the reducing sugar content
To determine whether the reducing sugars produced 
by cellulose degradation during acid hydrolysis could 
accumulate in the waste liquid upon its recycling, we 
measured the changes occurring in the reducing sugar 
content in waste liquid after each cycle, as shown in 
Figure 5. The reducing sugar concentration in the unrecycled 
waste liquid was 1.08 g/L, and then it increased with the 
increase of the number of waste liquid cycles, reaching 
a peak value of 3.32 g/L after the third cycle. Following 
this point, the reducing sugar concentration decreased 
sharply and then remained low, presumably due to its 
degradation. Literature shows that the reducing sugar in 
waste liquids could be further degraded into organic acids, 
5-hydroxymethyl furfural and other by-products [23,24]. 
The maximum observed reducing sugar concentration, 
3.32 g/L, was much lower than that of 15-25 g/L required 
for ethanol production after conventional cellulose 
hydrolysis [25,26]. Thus, the use of accumulated reducing 
sugar for ethanol production is technically feasible, but 
not economically favorable.
3.5   Effect of waste liquid recycling on the 
residual metal content in hydrolyzed 
cellulose
MCC has strict requirements on the heavy metal content, 
which should not exceed 10 ppm (Pharmacopoeia of 
the People’s Republic of China, 2015). Figure 6 shows 
the metal ion concentrations in acidic waste liquid 
after three cycles. As can be seen, no heavy metals were 
detected in the hydrolyzed cellulose sample except for 
Au, only because the surface was sprayed with gold prior 
to the test.
3.6   Effects of waste liquid recycling on the 
yield of hydrolyzed cellulose
The yields of hydrolyzed cellulose after a varied number 
of waste liquid cycles are shown in Figure 7. With the 
increase in the number of waste liquid cycles, the 
yield of hydrolyzed cellulose first decreased slightly, 
from 92.3% to 88.7%, then increased to 91.2%. Thus, 
the waste liquid recycling had little effect on the main 
product yield.
Figure 5: Reducing sugar concentrations in waste liquid after a 
varied number of cycles.
Figure 6: EDS spectra of hydrolyzed cellulose after three waste 
liquid cycles.
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3.7   Effect of waste liquid recycling on 
thermal stability of hydrolyzed cellulose
Figure 8 shows the TG curves of the resulting 
hydrolyzed cellulose after a varied number of waste 
liquid cycles. They all turned out to be near identical 
to the curve of the product obtained with fresh acid, 
indicating that the waste liquid recycling had no effect 
on the thermal stability of hydrolyzed cellulose. This 
information is consistent with literature stating that the 
thermostability of hydrolyzed cellulose is similar to that 
of natural cellulose, with the main change occurring 
at 240-400°C, when pyrolytic low-molecular-weight 
volatile compounds evolve [27,28]. 
3.8  Fresh acid usage
Figure 9 shows the amounts of fresh acid required for 
hydrolysis after a varied number of waste liquid cycles, to 
match the original acid concentration. As expected, the 
recycling of waste liquor significantly reduced the amount of 
fresh acid, as it was used up for hydrolysis. Yet, when the waste 
liquid was recycled once, twice and three times, the amounts 
of fresh acid required for acid hydrolysis were only 62.1%, 
50.0% and 43.4% of the fresh acid amount, respectively. 
Therefore, waste liquid recycling can significantly reduce the 
production cost of hydrolyzed cellulose while also reducing 
the amount of waste liquid and waste water discharge, thus 
benefiting the environment. As shown above, this can be 
done without sacrificing the product quality, as long as the 
number of cycles does not exceed three.
4  Conclusion
Waste liquid recycling was shown to be feasible in the 
process of cellulose acid hydrolysis. With up to three 
cycles, the quality of hydrolyzed cellulose remained high. 
Moreover, the degree of crystallinity of hydrolyzed cellulose 
even increased slightly from 79.4% to 82.2%. The reducing 
sugar concentration in the waste liquid accumulated 
concomitantly, reaching the maximum value of 3.32 g/L 
after three waste liquid cycles, although the ethanol 
production was still not economically feasible with this 
low concentration. However, waste liquid recycling can 
significantly reduce the amount of fresh acid usage and 
waste disposal, significantly reducing the MCC production 
cost and contributing to environmental protection. Figure 7: Yield of hydrocellulose after several waste liquid cycles.
Figure 8: Thermogravimetric (TG) curves of hydrolyzed cellulose 
after a varied number of waste liquid cycles.
Figure 9: Fresh acid required for acid hydrolysis after a varied 
number of waste liquid cycles.
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